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The chiral phase transition at ¯nite temperature is investigated in the linear sigma model,
which is regarded as a low energy e®ective theory of QCD with three momentum cuto®,
in the variational method with the Gaussian approximation in the functional SchrÄodinger
picture. It is shown that the Goldstone theorem is retained and the meson pair excitations
are automatically included by taking into account the linear response to the external ¯elds.
It is pointed out that the behavior of chiral phase transition depends on the three-momentum
cuto®, which leads to the careful treatment of the problem.
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x1. Introduction
It is well known that the chiral symmetry plays an essential role in the quark
and hadronic world governed by the quantum chromodynamics (QCD). Especially,
the spontaneous chiral symmetry breaking leads to the existence of the pion,1) which
plays an important role in the nuclear and hadron physics. One of the recent interests
in the hadron physics is the chiral symmetry restoration in the context of the BNL
Relativistic Heavy Ion Collider (RHIC) and/or the CERN Large Hadron Collider
(LHC).2) It is believed that the chiral symmetry is restored in the high temperature
and/or high baryon density, which might or may be created in the above mentioned
experiments.
The ¯nite temperature phase transition in the ¯eld theoretical treatment was
investigated in the context of the phase transition in the early universe.3) System-
atically, the ¯eld theoretical treatment for the systems at ¯nite temperature was
developed in the early stage.4), 5) Further, another approach6) to the ¯nite temper-
ature systems was devised with the variational technique in terms of the functional
SchrÄodinger picture with Gaussian approximation7),8) for the bosonic ¯eld theory. In
this paper, we intend to adopt a slight di®erent variational approach to the bosonic
¯eld theory at ¯nite temperature.
As for the low energy region of the strong interaction, the low energy e®ective
theories of QCD give very useful tool until now to understand the physics of hadrons,
especially, based on the chiral symmetry, while the lattice QCD simulation is devel-
oped for the problems related to the chiral symmetry. In the low energy region of
QCD, the pion and its chiral partner, namely sigma meson, are important ingredi-
ents. As an e®ective theory of QCD, the linear sigma model9) gives a powerful tool
to understand the many properties of low energy hadron physics, which contains
pions and sigma meson paying attention to the chiral symmetry.
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In the linear sigma model, the chiral phase transition at ¯nite temperature was
¯rstly investigated in Ref. 10), in which approximations developed in the many-body
theory were used widely. However, according to the approximations, the order of
the chiral phase transition was not settled de¯nitely. Recently, in the context of
the relativistic high energy heavy ion collision experiments, the renewed interests
are pointed to the chiral phase transition in the O(N) linear sigma model from
the theoretical sides.11), 12) In the variational approach to the O(N) linear sigma
model, it has been pointed out that the Goldstone theorem13) is not retained in
naive treatments. For solving this problem, some works have been carried out.14){17)
Also, one of the present authors (Y. T.) with Vautherin and Matsui gives another
method to recover the Goldstone theorem in the variational approach to the O(N)
linear sigma model, in which to take into account the linear response for the external
¯elds is essential.18)
As for the subject of the chiral phase transition at ¯nite temperature, in Ref. 11),
so-called optimized perturbation theory is constructed for the O(N) linear sigma
model, in which a certain resummation of the higher order terms is carried out.
In the case N = 4 for the realistic world, the Goldstone theorem is satis¯ed in
this approach and it has been shown that this approach has revealed the second
order chiral phase transition at ¯nite temperature with realistic pion mass. On the
other hand, the ¯rst order phase transition occurs with low pion mass including the
case of the chiral limit. Another approach to the same subject was given in Ref. 12)
which gave a self-consistent Hartree approximation for meson mass equations for one-
loop e®ective potential. Both approaches carried out the renormalization procedure
because the O(N) linear sigma model is renormalizable.
As another approach, the large N limit gives interesting features for O(N) linear
sigma model. At zero temperature, the vacuum stability was ¯rst investigated.19) For
large N limit in the O(N) linear sigma model, the Goldstone theorem is not broken.
In the context of the chiral restoration, the large N approach was investigated and
the order of phase transition is discussed20) using the Cornwall-Jackiw-Tomboulis
(CJT) e®ective potential.21)
As is mentioned above, the O(N) linear sigma model is, of course, a renormaliz-
able model. However, since this model is tractable in order to calculate the physical
properties of the low energy QCD world from the point of view of the chiral symme-
try, then, the O(4) linear sigma model is regarded as a low energy e®ective model
of QCD in the momentum cuto® scheme. Thus, this model is often used as one of
the tractable models with the momentum cuto® when the various properties with
respect to the chiral symmetry are investigated.22), 23)
In this paper, we investigate the chiral phase transition at ¯nite temperature
based on the time-dependent variational approach with Gaussian wave functional
and with the imaginary time formalism of Green's functions,24) in which the linear
responses for the external ¯elds are taken into account. At zero temperature, it has
already been shown that the Goldstone theorem is retained in our approach for the
O(N) linear sigma model with N = 4 mentioned above.18) In this paper, we extend
this approach to the ¯nite temperature case and show the behavior of the chiral
phase transition. We regard the O(4) linear sigma model as a low energy e®ective
Variational Approach to the Chiral Phase Transition 3
model of QCD, so we introduce the three momentum cuto® parameter ¤ which cuts
the ultraviolet divergences of the meson loop appearing in our approach. It is shown
that the pion-pion, pion-sigma meson and sigma-sigma mesons pair excitations are
automatically included in our approach, which results in the Goldstone theorem.
Further, it is shown that these meson excitations lead to the second order chiral
phase transition with a reasonable parameterization in the O(4) linear sigma model,
while the cuto® dependence is inevitable. The results are consistent with those
derived in the renormalization scheme11), 12) in the case of the rather small three
momentum cuto® in our method developed in this paper.
This paper is organized as follows: In the next section, we recapitulate the basic
ingredients of the variational approach with the linear response for the external ¯elds
to the O(N) linear sigma model. The pion and the sigma meson masses are given
and it is shown that the meson pair excitations are automatically taken into account.
In x3, we extend this approach to the ¯nite temperature system in the Matsubara
formalism.24) In x4, some numerical results and discussion are given. The last section
is devoted to a summary and concluding remarks.
x2. Variational approach to the O(4) linear sigma model satisfying the
Goldstone theorem
In this section, we recapitulate the basic ingredients of the variational method
to the O(N) linear sigma model with the Gaussian wave functional and with the
polarization tensors appearing in the linear response theory for the external ¯elds.
2.1. Variational approach and the breaking of the Goldstone theorem
We summarize the time-dependent variational method following Refs. 26) and
18).
Let us start with the following Hamiltonian of the O(4) linear sigma model with
the explicit symmetry breaking term:
H(x) = H0(x)¡ c'a(x)±a0 ;
H0(x) = 12¼a(x)¼a(x) +
1
2
r'a(x)¢r'a(x) + 12m
2
0'a(x)'a(x) +
¸
24
('a(x)'a(x))2 :
(2.1)
Here, a runs from 0 to 3, where '0 represents the sigma ¯eld operator and 'i
with i = 1 » 3 represent the pion ¯eld operators. In this paper, we adopt the time-
dependent variational approach in the functional SchrÄodinger picture. In this picture,
the conjugate operators ¼a(x) are replaced by the functional derivative ¼a(x) =
¡i±=±'a(x). A possible trial wave functional including the quantum °uctuations is
a Gaussian wave functional which is written as
ª ['] = h'jªi = N eih¹¼j'¡ ¹'ie¡h'¡ ¹'j 14G+i§j'¡ ¹'i ; (2.2)
where we used abbreviated notation as h¹¼j'i = R d3xP3a=0 ¹¼a(x; t)'a(x) and
h'jGj'i = R d3xd3yP3a;b=0 'a(x)Gab(x;y; t)'b(y). Also, N is a normalization fac-
tor. Here, the variational functions are ¹'a(x; t), ¹¼a(x; t), Gab(x;y; t) and§ab(x;y; t).
4 Y. Tsue and K. Matsuda
In this approach, ¹'a represent the mean ¯elds and Gaa represent the quantum °uc-
tuations around the mean ¯elds ¹'a. The reason why we adopt the above form
(2.2) for the trial state with variational functions ¹'a(x; t), ¹¼a(x; t), Gab(x;y; t) and
§ab(x;y; t) is that the ( ¹'a(x; t); ¹¼a(x; t)) and (Gab(x;y; t); §ab(x;y; t)) automati-
cally satisfy the canonical variables condition27) and/or canonicity conditions28) in
terms of the time-dependent Hartree-Fock theory developed in the nuclear many-
body theory.
The time-dependence of the variational functions is governed by the following
time-dependent variational principle:
±
Z
dthª ji @
@t
¡Hjªi = 0 ; (2.3)
where H =
R
d3xH(x). As a result, we derive a basic equation of motion for
¹'a(x; t):26) µ
±ab@¹@
¹ +m2ab(x)¡
¸
3
¹'a ¹'b
¶
¹'b = c±a0 ; (2.4)
where we can eliminate ¹¼ due to the honor of the canonicity condition for ¹' and ¹¼.
Here, the \mass" function m2ab(x) is de¯ned by
m2ab(x) =
µ
m20 +
¸
6
¹'2 +
¸
6
tr S(0)(x; x)
¶
±ab +
¸
3
¹'a(x) ¹'b(x) +
¸
3
S
(0)
ab (x; x) : (2.5)
The function S(0)ab (x; y) corresponds to the propagator and is formally obtained as
S(0)(x; y) =
Z
d4p
(2¼)4
S(0)(p)eip(x¡y) ;
S(0)(p) =
i
¡p2 +m2(x)¡ i² : (2
.6)
The solution of the variational equation for Gaa(x;x; t) is given in terms of the
diagonal element of the above propagator as
Gaa(x;x; t) ´ G(m2aa) = S(0)aa (x; x) : (2.7)
In the Hamiltonian, the direction of the spontaneous chiral symmetry breaking
is taken in the sigma direction. Thus, the solution of the mean ¯led ¹' is assumed
as¤)
¹' = ¹'(0) =
0BB@
'0
0
0
0
1CCA : (2.8)
¤) Here, the ¯rst component of ¹'(0), '0, in (2.8) is not a ¯eld operator appearing in (2.1). We
think that there is no confusion.
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Then, we de¯ne the sigma meson mass M and the pion mass ¹, which correspond
to the masses derived in the Hartree approximation, as
M2 = m200 = m
2
0 +
¸
2
'20 +
¸
2
G(M2) +
¸
2
G(¹2) ;
¹2 = m211 = m
2
22 = m
2
33 = m
2
0 +
¸
6
'20 +
¸
6
G(M2) +
5
6
¸G(¹2) : (2.9)
From (2.4) in the static case, we can determine the chiral condensate '0 by means
of the mean ¯led approximation:µ
M2 ¡ ¸
3
'20
¶
'0 = c : (2.10)
The solution of the above equation is given in the two phases up to the order of c:
¸
3
'20 ¼M2 ¡
r
¸
3
c
M
; (chiral broken phase) (2.11)
'0 ¼ c
M2
: (chiral symmetric phase) (2.12)
It should be noted here that the mass ¹ which corresponds to the pion mass does
not satisfy the Goldstone theorem in the chiral limit, namely, even if c = 0, then
¹ 6= 0.
2.2. Pion mass and recovery of the Goldstone theorem
To see that the Goldstone theorem is satis¯ed in the variational approach, we
introduce the external source ¯eld Ja coupled with the 'a:
H0 = H¡
X
a
Ja'a : (2.13)
By this source term Ja'a, the various quantities obtained in the previous subsection
are modi¯ed as follows:
¹' ¡! ¹'+ ±' ;
m2(x) ¡! m2(x) + ±m2 ;
S(x; x) ¡! S(0)(x; x) + ±S(x; x) : (2.14)
As a result, the equation of motion for ¹' is recast into the equation of motion for
±' as ·
¡q2±ab +m2ab(x)¡
¸
3
¹'(0)a ¹'
(0)
b
¸
±'b + ±m2ab(x) ¹'
(0)
b
¡¸
3
³
±'a ¹'
(0)
b + ¹'
(0)
a ±'b
´
¹'(0)b = Ja ; (2.15)
where ¹'(0)a is a solution of Eq. (2.4) and
±m2ab(x) =
µ
¸
3
'0±'0 +
¸
6
tr ±S
¶
±ab +
¸
3
( ¹'a±'b + ±'a ¹'b) +
¸
3
±Sab : (2.16)
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Hereafter, we consider the case that the source ¯eld Ja has the following form:
Ja(x) = "±aiei(!t¡q¢x) : (2.17)
Then, the shifted quantities ±m2 and ±S as well as ±' have the same time- and
coordinate-dependence as Ja:
±m2ab(x) = ±m^
2
abe
i(!t¡q¢x) ; (2.18)
±Sab(x; x) = ±m^2ab¦
(pol)
ab (q
2)ei(!t¡q¢x) : (2.19)
Here, we have de¯ned the polarization tensor ¦(pol)ab (q
2) as
¦
(pol)
ab (q
2) = ¡
Z
d4p
i(2¼)4
S(0)aa (p+ q)S
(0)
bb (p) : (2.20)
Here, let us consider the pion mass which should satisfy the Goldstone theorem
in the chiral limit. In order to derive the pion mass in the variational approach with
external ¯elds, we investigate the response of the following external source ¯eld:
Ja(x) = "±a1ei(!t¡q¢x) : (2.21)
For this source ¯eld, only ±'1 responds, namely,
±'1 6= 0 ; ±'a = 0 : (a = 0; 2; 3) (2.22)
We take an ansatz for the structure of matrices ±mab and ±Sab:
±m2ab(x) =
0BB@
0 ´ 0 0
´ 0 0 0
0 0 0 0
0 0 0 0
1CCA ; ±Sab(x) =
0BB@
0 ±S 0 0
±S 0 0 0
0 0 0 0
0 0 0 0
1CCA : (2.23)
It will be understood later that this ansatz is correct.
For a = 1, we derive the equation of motion from (2.15) as
(¡q2 + ¹2)±'1 + ±m210'0 ¡
¸
3
'20±'1 = J1 ; (2.24)
where
±m210 =
¸
3
'0±'1 +
¸
3
±S10 : (2.25)
From (2.19) and (2.25), we obtain
±m210'0 =
¸
3
'20 ¢
1
1¡ ¸3¦
(pol)
01 (q2)
¢ ±'1 : (2.26)
Thus, from (2.24) and the above relation, we can derive the equation of motion for
±'1 under the source ¯eld J1:Ã
¡q2 + ¹2 + ¸
3
'20 ¢
¸
3¦
(pol)
01 (q
2)
1¡ ¸3¦
(pol)
01 (q2)
!
±'1 = J1 : (2.27)
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Fig. 1. The polarization tensor ¦
(pol)
01 is depicted diagrammatically. Here, ¦
(pol)
01 represents a part
which is gotten rid of the external line (¼) and the chiral condensate '0 (Á0) in the above
diagram.
The full propagator Sab(x; y) is thus de¯ned as
±'a(x)=±Jb(y) = Sab(x; y) : (2.28)
Then, the mass is de¯ned as
M2¼ = ¹
2 +
¸
3
'20 ¢
¸
3¦
(pol)
01 (0)
1¡ ¸3¦
(pol)
01 (0)
: (2.29)
This mass corresponds to the pion mass. From Eq. (2.20), the polarization tensor
¦
(pol)
01 (q
2) appearing in Eq. (2.27) or (2.29) reveals the pion and the sigma meson
pair excitation, which is shown in Fig. 1 diagrammatically.
Let us try to derive more explicit form for the pion mass M¼. From (2.7) and
(2.6), the following relation is satis¯ed:
G(M2)¡G(¹2) =
Z
d4p
(2¼)4
µ
i
¡p2 +M2 ¡ i² ¡
i
¡p2 + ¹2 ¡ i²
¶
: (2.30)
Thus, the polarization tensor ¦(pol)01 can be expressed as
¦
(pol)
01 (0) =
G(M2)¡G(¹2)
M2 ¡ ¹2 : (2
.31)
From Eqs. (2.9) and (2.11) or (2.12), the following relations are derived easily:
¹2 =
r
¸
3
c
M
¡ ¸
3
(G(M2)¡G(¹2)) ; (chiral broken phase) (2.32)
¹2 =M2 ¡ ¸c
2
3M4
¡ ¸
3
(G(M2)¡G(¹2)) : (chiral symmetric phase) (2.33)
Thus, we obtainµ
1¡ ¸
3
¦
(pol)
01 (0)
¶
¹2 = ¡¸
3
M2¦
(pol)
01 (0) +
r
¸
3
c
M
;
(chiral broken phase) (2.34)µ
1¡ ¸
3
¦
(pol)
01 (0)
¶
¹2 =
µ
1¡ ¸
3
¦
(pol)
01 (0)
¶
M2 ¡ ¸
3
c2
M4
:
(chiral symmetric phase) (2.35)
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Substituting the above relation into (2.29) and using (2¢11) or (2¢12) again, we ¯nally
obtain the pion mass in the chiral symmetry broken and chiral symmetric phases as
M2¼ =
r
¸
3
c
M
; (chiral broken phase) (2.36)
M2¼ =M
2 ¡ ¸c
2
3M4
: (chiral symmetric phase) (2.37)
As is expected, in the chiral broken phase, if we take the chiral limit c = 0, the pion
mass is reduced to zero which realizes the Goldstone theorem.18) As is seen in the
polarization tensor ¦(pol)01 in Eq. (2.20) or in Fig. 1, the real pion mass contains the
e®ects of the pion and the sigma meson pair excitations. Also, as is seen from the
second term of the right-hand side in Eq. (2.29), the polarization tensor appears in
the denominator, so this meson pair excitation is continuously connected as 1=(1¡
¸¦
(pol)
01 =3) = 1 + ¸¦
(pol)
01 =3 + ¸¦
(pol)
01 =3 ¢ ¸¦(pol)01 =3 + ¢ ¢ ¢ . Thus, the meson pair
excitation is automatically included in our approach and leads to the consistency for
the Goldstone theorem.
2.3. Sigma meson mass
In this subsection, we derive the sigma meson mass as is similar to deriving the
pion mass in the previous subsection. In order to derive the sigma meson mass, we
need to introduce the external source ¯eld for the sigma direction
Ja(x) = "±a0ei(!t¡q¢x) ; (2.38)
and to see the response of this external ¯eld. In this case, only ±'0 responds:
±'0 6= 0 ; ±'a = 0 : (a = 1; 2; 3) (2.39)
We assume the structure of matrices as
±m2ab(x) =
0BB@
³ 0 0 0
0 ´0 0 0
0 0 ´0 0
0 0 0 ´0
1CCA ; ±Sab(x) =
0BB@
±S¾ 0 0 0
0 ±S¼ 0 0
0 0 ±S¼ 0
0 0 0 ±S¼
1CCA : (2.40)
For a = 0, we obtain the equation of motion for ±'0 as
(¡q2 +M2 ¡ ¸'20)±'0 + ±m200'0 = J0 ; (2.41)
where
±m200 = ¸'0±'0 +
¸
2
±S¾ +
¸
2
±S¼ ; (2.42)
±m211 = ±m
2
22 = ±m
2
33 =
¸
3
'0±'0 +
¸
6
±S¾ +
5
6
¸±S¼ : (2.43)
From (2.41) and (2.19), we obtain
±m200'0 =
1 + ¸6¦11(q
2)
1¡ ¸2¦
(pol)
00 (q2)
¡
1 + ¸6¦11(q
2)
¢ ¢ ¸'20±'0 ; (2.44)
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Fig. 2. The polarization tensor ¦
(pol)
11 and ¦
(pol)
00 are depicted diagrammatically in (a) and (b),
respectively. Here, ¦
(pol)
11 and ¦
(pol)
00 represent parts which are gotten rid of the external line
(¾) and the chiral condensate '0 (Á0) in the above diagrams.
where we de¯ne the reduced polarization tensor as
¦11(q2) =
¦
(pol)
11 (q
2)
1¡ 56¸¦
(pol)
11 (q2)
: (2.45)
As a result, we can obtain the following relation from (2.41):Ã
¡q2 +M2 + ¸'20 ¢
¸
2¦
(pol)
00 (q
2)
¡
1 + ¸6¦11(q
2)
¢
+ ¸6¦11(q
2)
1¡ ¸2¦
(pol)
00 (q2)
¡
1 + ¸6¦11(q
2)
¢ ! ±'0 = J0 : (2.46)
Thus, we can derive the sigma meson mass M¾ as
M2¾ =M
2 + ¸'20 ¢
¸
2¦
(pol)
00 (0)
¡
1 + ¸6¦11(0)
¢
+ ¸6¦11(0)
1¡ ¸2¦
(pol)
00 (0)
¡
1 + ¸6¦11(0)
¢ : (2.47)
In this formula, the polarization tensors¦(pol)11 and¦
(pol)
00 are automatically included.
Here, ¦(pol)11 and ¦
(pol)
00 represent the pion-pair and the sigma meson-pair excitation,
respectively, as is depicted in Fig. 2.
x3. Pion and sigma meson masses at ¯nite temperature
In this section, we investigate the pion and sigma meson mass at ¯nite temper-
ature in this variational approach. Here, it should be pointed out that the Gaussian
approximation in the functional SchrÄodinger picture without the responses for the
external ¯elds gives the Hartree approximation in the bosonic ¯eld theory.29) In this
paper, since we take into account the responses for the external source ¯elds, certain
kinds of diagrams are included and resummed up beyond the Hartree approxima-
tion, which we call the extended Hartree approximation here. Thus, in order to
extend our variational approach at zero temperature to at ¯nite temperature, we
start with the results derived from the extended Hartree approximation, apart from
the Gaussian pure state in Eq. (2.2). Thus, we can use the usual technique devel-
oped in the previous work. Here, we adopt the Matsubara formalism. To extend the
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method developed in the previous section to the ¯nite temperature case, the p0 inte-
gral appearing in the meson propagators S(x; y) is simply replaced to the Matsubara
sum: Z
d4p
(2¼)4
f(p) ¡! iT
1X
n=¡1
Z
d3p
(2¼)3
f(i!n;p) : (3.1)
Here, !n is the Matsubara frequency of the bosons:
!n = 2n¼T : (n : integer) (3.2)
Under this extension, the diagonal element of the propagator is written as
S(x; x) = iT
1X
n=¡1
Z
d3p
(2¼)3
S(i!n;p) ; (3.3)
where the Fourier transform S(i!n;p) is given as
S(i!n;p) =
i
!2n + p2 +m2(x)¡ i²
: (3.4)
Also, the polarization tensor (2.20) is rewritten as
¦
(pol)
ab (i!n; q) = ¡T
1X
m=¡1
Z
d3p
(2¼)3
Saa(i!m + i!n;p+ q)Sbb(i!m;p) : (3.5)
Using the well-known technique of the contour integral, the sum of the Mat-
subara frequency is easily taken and the resultant expression for S(x; x) can simply
expressed in terms of the bose distribution function n(§) as
S(x; x) =
1
4¼2
Z 1
0
djpj p
2p
p2 +m2(x)
³
n(+) ¡ n(¡)
´
; (3.6)
n(§) =
1
exp
µ
§
p
p2+m2(x)
T
¶
¡ 1
: (3.7)
Similarly, the polarization tensors at ¯nite temperature are calculated and the results
are given as follows:
¦(pol)aa (0;0) = ¡
1
8¼2
Z ¤
0
djpj p
2
p2 +m2a(x)
£
·
1
T
³
(n(+)a )
2e
p
p2+ma(x)2=T + (n(¡)a )
2e¡
p
p2+ma(x)2=T
´
+
1p
p2 +m2a(x)
(n(+)a ¡ n(¡)a )
¸
; (3.8)
¦
(pol)
ab (0;0) =
1
4¼2(m2a ¡m2b)
Z ¤
0
djpjp2
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£
·
1p
p2 +m2a(x)
(n(+)a ¡ n(¡)a )¡
1q
p2 +m2b(x)
(n(+)b ¡ n(¡)b )
¸
;
(a 6= b) (3.9)
where we de¯ne ma = maa and na = naa for simplicity.
x4. Numerical results and discussion
In this section, we demonstrate the numerical results for the meson masses, M¼
and M¾, and the mean ¯led value for '0 at ¯nite temperature. The meson masses
are given in Eqs. (2.29) and (2.47) with the propagator and polarization tensors
replaced by Eqs. (3.3){(3.5) or (3.6){(3.9) in the ¯nite temperature system. We
have model parameters m0, ¸, c and the three momentum cuto® ¤. We take these
values to reproduce the pion mass (140 MeV), the sigma meson mass (500 MeV) and
the condensate '0 (93 MeV) at zero temperature values in each value of ¤. Here, the
three momentum cuto® ¤ is not determined in this framework. Therefore, we take
several values of ¤. The parameter sets used in the following numerical calculation
are summarized in Table I together with the case of the ¯ctitious pion massM¼ = 70
MeV in Fig. 5.
It is well known that, in the Nambu-Jona Lasinio (NJL) model, the three mo-
mentum cuto® is taken as a rather small value around 630 MeV.25) Thus, we might
have to adopt a rather small cuto® value. Under the above consideration, we ¯rst
take the three momentum cuto® as 650 MeV. Thus, we neglect the polarization ten-
sor ¦(pol)00 because this tensor represents the sigma meson pair excitation. We adopt
the sigma meson mass at zero temperature as 500 MeV, so the pair has the energy
1000 MeV at least. This value is beyond the cuto® parameter ¤. This is the reason
why we neglect the polarization tensor ¦(pol)00 in the following numerical calculation.
Thus, we set ¦(pol)00 = 0 in the formula for the sigma meson mass, Eq. (2.47).
We show the pion and sigma meson masses and the mean ¯eld value '0 in Fig. 3
(a) and (b), respectively. The horizontal axis represents the temperature. In this
Table I. The parameter sets used in the numerical calculation are summarized in (a). The param-
eter set is also given in (b) where the ¯ctitious pion mass M¼ = 70 MeV is adopted instead of
the real mass 140 MeV.
(a)
¤ (MeV) ¸ m20 (MeV
2) c (MeV3)
650 109.579 ¡737:7312 123:4253
700 110.836 ¡792:2722 123:4113
900 115.242 ¡1023:7482 123:3623
1100 118.913 ¡1270:1452 123:3283
(b)
¤ (MeV) ¸ m20 (MeV
2) c (MeV3)
650 120.583 ¡785:5782 77:2243
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Fig. 3. The sigma and pion masses are shown as functions of temperature T in (a). The order
parameter of the chiral phase transition '0 is depicted in (b). The cuto® parameter ¤ is taken
as 650 MeV.
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Fig. 4. The sigma and pion masses are shown as functions of temperature T in (a). The order
parameter of the chiral phase transition '0 is depicted in (b). The cuto® parameters ¤ are
taken as 700 MeV (solid curves), 900 MeV (dash-dotted curves) and 1100 MeV (dotted curves),
respectively.
case, the order parameter, '0, of the chiral phase transition monotonically decreases
and is a single-valued function of the temperature T , so the order of phase transition
may be likely the second order or crossover. Correspondingly, the pion mass and
the sigma meson mass are also monotonically changed and they are single-valued
function of T .
In Fig. 4, we show the results of the pion mass, sigma meson mass and the mean
¯eld value of the order parameter '0 for the various values of the three momentum
cuto® parameter ¤. Solid curves, dash-dotted curves and the dotted curves show the
numerical results for the cuto® parameters ¤ = 700 MeV, 900 MeV and 1100 MeV,
respectively. If the cuto® parameter ¤ is taken as a rather larger value, the change of
the order parameter is steep in the transition region. Beyond a certain value for ¤,
the order parameter becomes a multi-valued function of T . Also, the meson masses
become multi-valued functions of T . This behavior reveals the ¯rst order phase
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Fig. 5. The sigma and pion masses are shown as functions of temperature T in (a). The order
parameter of the chiral phase transition '0 is depicted in (b). The pion masses at zero temper-
ature are taken as 140 MeV (solid curves) and 70 MeV (dotted curves), respectively. The cuto®
parameter ¤ is taken as 650 MeV.
transition. Thus, it should be noted that the choice of the value of cuto® includes
subtle problem such as the determination of the order of phase transition. It may
be concluded that the rather small value for the cuto® ¤ should be adopted in this
model, because the chiral phase transition at ¯nite temperature may be crossover in
the realistic parameterization for the pion mass.
In Fig. 5, the dotted curves show the results for the pion mass and sigma meson
mass in (a) and the order parameter in (b) with the three momentum cuto® ¤ = 650
MeV, where the pion mass at zero temperature is taken as 70 MeV unrealistically.
The solid curves represent the results under the realistic value for zero temperature
pion mass for the comparison. For lower pion mass, the order parameter becomes a
multi-valued function of the temperature T , so the chiral phase transition becomes
the ¯rst order one. Thus, in the case of the chiral limit, the chiral phase transition
is the ¯rst order one within our approach in this O(4) linear sigma model. This
behavior is the same as that derived in Ref. 11), where the optimized perturbation
theory is used in the same model.
x5. Summary and concluding remarks
In this paper, we investigated the chiral phase transition at ¯nite temperature
in the O(4) linear sigma model based on the time-dependent variational method
devised by the linear response theory for the external ¯elds. In this approach, the
Goldstone theorem for the spontaneous chiral symmetry breaking is retained al-
though the variational method is adopted. The reason why the above-mentioned
situation is realized is that the meson-pair excitations are automatically included in
this approach such as the particle-hole pair excitations for the collective motions of
the nuclear many-body problem in the random phase approximation (RPA). It is well
known that the pion as a Nambu-Goldstone boson has properties of the collective
mode for the quark-antiquark pair in terms of the model based on the quarks.30)
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In the O(4) linear sigma model, the nature of the collective mode is revealed
with the pion-sigma meson pair excitations like the RPA in our variational approach
devised by the linear response theory. The same situation is realized for the sigma
meson which is the chiral partner of the pion in terms of the chiral symmetry. It
was shown that the sigma meson contains the e®ects of the pion-pion and sigma
meson-sigma meson pair excitations. The particle contents of the pion and sigma
meson are also discussed in the O(4) linear sigma model with cuto® parameter.31)
We extended this variational method to the ¯nite temperature case by means of
the imaginary time formalism for the ¯nite temperature ¯eld theory. This is a natural
extension in order to investigate the chiral phase transition at ¯nite temperature.
We have one free model parameter that is the three momentum cuto® parameter
¤ since we regarded the O(4) linear sigma model as a low energy e®ective model of
QCD. As is similar to the NJL model, we adopted a rather small cuto® ¤ around 700
MeV. In this parameterization, the order parameter of the chiral phase transition
is monotonically changed and is the single-valued function of the temperature T .
However, the change of the order parameter in the transition region becomes rapid
as the cuto® ¤ is larger. Beyond a certain value of ¤, the order parameter becomes
a multi-valued function of T . Thus, it should be noted that the cuto® has to be
determined carefully. The similar caution should be given for the pion mass. It was
shown that, even if the cuto® parameter is taken as a small value, the order of the
chiral phase transition changes according with the pion mass at zero temperature.
Thus, the important problem may be to determine the value of cuto® through the
physical process, for example, low energy pion-pion scattering, if the O(4) linear
sigma model is used as a low energy e®ective model of QCD. Further, it is well
known that a certain susceptibility presents an important information for the chiral
phase transition. These investigations are future problems.
Recently, the chiral phase transition at ¯nite temperature is investigated in the
same model using a slight di®erent manner,32) in which the meson excitations are
treated by introducing the Wigner functions and the Vlasov equations are formulated
for these Wigner functions.33) Thus, as another future problem, it may be important
to understand the dynamical chiral phase transition in the several situations, for
example, in the quench scenario,34) in the context of the high energy heavy ion
collisions.
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